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Abstract 
 
This work discuss the entanglement and quantum polarization of superpositions of two-
mode coherent states of the types 1=N1(|,|,	2=N2(|-,-|,	and 
3=N3(|,0|
,. We use the concurrence to measure their entanglements and the 
quantum Stokes parameters and the Q function in order to analyze their polarization and 
degree of polarization. 	
 
1. Introduction 
 
Quantum polarization is an important property that has extensively being used in 
quantum information processing. Regarding coherent states, their quantum polarization has 
similarities with polarization of classical light: the average values of the Stokes parameters for 
coherent states coincide with the classical values of the Stokes parameters. On the other hand, 
the degree of polarization of classical light does not depend on its intensity, while the degree 
of polarization of coherent states decreases when the optical power decreases. Furthermore, 
the quantum Stokes parameters 1 2 3ˆ ˆ ˆ,  and S S S  do not commute, that is, it is not possible to 
known the values of any two of them simultaneously without uncertainties. This fact has been 
used in [1] in order to create a continuous variable quantum key distribution system. 
Basically, polarization of coherent states has been used for quantum key distribution [1-4]. On 
the other hand, the use of superposition of coherent states for quantum computing purposes 
has been considered in [5-8]. However, from the best of our knowledge, the quantum 
polarization of superposition of coherent states has not been investigated. In this direction, 
here we use the quantum Stokes parameters and the Q function in order to analyze the 
quantum polarization of superposition of coherent states of the type  , ,N       
(N is the normalization constant), as well we use the concurrence to measure their 
entanglements.  
This work is outlined as follows: in Section 2 a review of quantum polarization is 
presented; in Section 3 the quantum polarization of superposition of coherent states is 
analyzed; in Section 4 the entanglement is calculated; Finally, Section 5 brings the 
conclusions.  
 
2. Review of quantum polarization  
 
The quantum Stokes operators are defined as [9-11] 
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In (1)-(4) †1 1ˆ ˆ( )a a  and †2 2ˆ ˆ( )a a  are, respectively, the creation (annihilation) operators of the 
modes 1 and 2. The average values of the quantum Stokes parameters of a coherent state are 
equal to its classical Stokes parameters values. However, since there exist a variance on the 
Stokes parameters values, the polarization is not well defined. The mean values and the 
variances of the Stokes parameters of the two-mode coherent state , are given by: 
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The larger is the optical power the larger are the variances of all three parameters. 
In order to apply a phase shift  between the horizontal and vertical modes of ,, 
resulting in ei/2,e-i/2, the operator used is    1ˆexp 2C i S  . On the other hand, if the 
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goal is to apply a geometric rotation of  in the polarization, then the operator to be used is 
   3ˆexpR i S  . Thus,   ,R    = sen cos , cos sin         . 
Classically, the light is considered unpolarized if its Stokes parameters vanish. 
Quantum-mechanically, this condition (in average) is required but it is not sufficient. In a 
more general way, a light beam can be considered unpolarized if its observables do not 
change after an application of a geometric rotation and/or a phase shift between the 
components. These conditions are mathematically described by [12]: 
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where  is the density matrix of the light quantum state. The general form of the quantum 
state of an unpolarized light is [13-14] 
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where pn is the total photon number probability distribution.  
Measures for the quantum polarization degree have been proposed [15,16] and here we 
consider the measure based on the Q function [15]: 
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In (15) 1/(4) is the Q function of the unpolarized light whose quantum state is given by (12). 
For the two-mode coherent state exp(i),exp(i)	the Q function is [17] 
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(11) 
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(18) 
Using (13)-(16) the quantum degree of polarization of the state ,
	can be calculated 
analytically 
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When 2 >> 1, (19) can be approximated by P ( 1 – 2/2 showing that the larger the optical 
power the larger is the quantum degree of polarization. The quantum degree of polarization, 
of the states 0,) (V)	)
	(H), ),  	(/4) and |),)	(/4 were obtained 
solving numerically (13)-(16) and they are shown in Fig. 1.  
 
 
Fig. 1: Quantum degree of polarization, P, versus ||2 for the two-mode coherent states 
{0,
0,	
	(line) and {,,, ,,,	(dot). 
 
In Fig. 1, the diagonal states have a larger quantum degree of polarization, when compared to 
horizontal and vertical states, because they have a larger (total) mean photon number. As an 
illustration, using (13)-(14) one can obtain the Q functions for the states 
*,0	+	
*	V	*,*	/4	*,*	/4)		*,i*	RC – right circular	and	*,i*	LC – left 
circular	shown in Fig. 2, In this figure, x=Q(,)sin()cos(), y=Q(,)sin()sin() and 
z=Q(,)cos().	
(19) 
  
Fig. 2 : Graphs of Q fucntions of the states H*0	V0*	 /4*,*	/4*,*, 
RC*,i* and LC*i*, 
 
One can also analyze the polarization using the amplitude operators (similar to position 
operator of the harmonic oscillator) [15]: 
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 † †1 1ˆ ˆ ˆ ˆ ˆ ˆe2 2x x y yx a a y a a    . 
 
Considering x and y the eigenvalues corresponding, respectively, to the eigenstates 
x	and	y	the amplitude probability distribution is given by 
 
2
, ,x y   . 
 
Using numerical simulation, we show the amplitude probabilities distributions for the 
quantum states 2,0	and	0,2 in Fig. 3, and 2,2	and	2-2 in Fig. 4,	
	
 
Fig. 3: Amplitude probabilities distributions for the quantum states H=2,0 (1) and  
V0,2	(2). 
(20) 
(21) 
  
Fig. 4: Amplitude probabilities distributions for the states /4=2,2 (1) and /42,-2	(2). 
 
We also obtained numerically -x(2 and -y(0 for H=2,0 and -x(0 and -y(2 for V=0,2. 
Similarly, we obtained -x(2 and -y(2 for /4=2,2 and -x(2 and -y(-2 for /4=2,-2. 
Regarding the circular polarizations, its amplitude probabilities distributions are plotted in 
Fig. 5 [15,18]. 
 
Fig. 5: Amplitude probabilities distributions for the states RC=2,2i and LC2,2i. 
 
The mean values obtained numerically for the amplitudes are -x(2 and -y(0 for both 
RC=2,2i and LC=2,-2i. 
 
3. Quantum polarization of superposition of two two-mode coherent states  
 
In this section we consider the quantum Stokes parameters and the quantum degree of 
polarization of quantum states composed by the superposition of two bimodal coherent states
 , ,N      , where   
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and 
 exp.    / /  . The averages of the quantum Stokes parameters and of their squared 
values, for 	are: 
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where  2 2 2 2exp 20        / /      " # . On the other hand, the Q function of 
the state  , ,N       is given by 
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 In this work, we are going to be concerned only with the following particular cases of 
	8	9N1(+), *N2(+) and :N3(0+0), where ;9=[2(1+
 2 22
e
    )]-1/2, ;*=[2(1+
24
e
 )]-1/2 and ;:=[2(1+
2
e
 )]-1/2, for  and  real values. From 
(22)-(27), the averages and variances of the quantum Stokes parameters of the states 
9	*	and	:	are: 
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One can observe in (32)-(34) that -S1 and -S3 are equal to zero for the three states. This 
happens because the average optical powers in horizontal and vertical polarizations are 
equals, for all of them. Hence, 9	*	and	: correspond to the polarization state /4, An 
interesting behavior caused by the superposition can be seen at the variances of the Stokes 
parameters. For states of the type ,, the variances of all Stokes parameters are equal and 
they vary proportionally to the optical power, as can be seen in (7)-(9). However, for states of 
the type 9N1(,+,), the variances of the Stokes parameters can increase and 
decrease when the total mean photon number increases. This can be seen in Fig. 6 for V3.	
(34) 
(33) 
(32) 
  
Figure 6: Variances of S1 (V1), S2 (V2) and S3 (V3), versus 2, for 9	having 2=4. 
	
Now, using (28)-(31) we obtain the following Q functions for 9	*	and	:: 
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As an illustration, using (35)-(37), one can obtain the Q functions of the states 
9	*	and	: having 2= 2=4. The results are shown in Fig. 7. 	
	
(35) 
(36) 
(37) 
 Figure 7: Q functions of the states 9	(1)	*	(2) and	: (3) obtained using (35)-(37) having 
2= 2=4. 
 
Finally, using (35)-(37) in (15)-(16), we calculated the quantum degree of polarization of the 
states 9	2=0.5, 1, 2, 4	*	and	: versus 2,	The results are shown in Fig. 8. 
 
 
Fig. 8: Quantum degree of polarization, P, versus ||2 for states (1)	2	*	and	3:, 
 
From Fig. 8, is straightforward to note that, the larger the mean photon number the larger is 
the quantum degree of polarization.  
 
4. Quantum entanglement of superposition of two two-mode coherent states  
  The quantum entanglement of the state  , ,N       can be measured by 
the concurrence described in [19,20] 
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The plot of C1 versus 2 and 2 can be seen in Fig. 9. 
 
 
Fig. 9: Concurrence of the state 9N1(+) versus * and *. 
 
From (39) we see there will exist entanglement in 9	only if <. It is also easy to see from 
C2 and C3 equations that, the larger the value of 2 the large are the entanglements of * 
and :, 
 Now, let us assume the state 9 pass by a compensator-rotacionator-compensator 
device, C(2)R()C(1). The quantum state at the output and its entanglement are given by  
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Figure 10 shows the change in the entanglement according to variations in 1 and , for 
||2=4.  
 
Figure 10: Concurrence of =(Eq. (40)) versus  (rotator’s angle) for 1 {0, /8, /4} and 
*=4. 
 
It is interesting the fact that the rotation of /4 applied in the state N1(+) destroys 
completely its entanglement: R(/4)N1(+) = N1(>*9>*+>*9>*)>*9>*, 
This implies the polarization rotator R(/4) can be a perfect entangler/disentangler gate.  
 
5. Conclusions 
 
 We have presented explicit formulas for the mean values and the variances of the 
quantum Stokes parameters, as well the Q functions of superposition of two-mode coherent 
states. The results showed that the superposition has a great influence in variances of the 
Stokes parameters. The decrease of the variance of S3 of the state 9 when the mean photon 
(40) 
(41) 
number increases, shows that the uncertainty about polarization can decrease when optical 
power increases. This does not happen when normal two-mode coherent states are considered. 
Moreover, for the cases studied, the degree of polarization still increases monotonically with 
the total mean photon number, as happens with normal two-mode coherent states. At last, we 
showed that the polarization rotator can change the quantum entanglement of the 
superposition of two-mode coherent states, in particular, the polarization rotator with angle 
equal to /4 can be a perfect entangler/disentangler gate.  
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